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FOURIER ANALYSIS

To pass from the time to the frequency domain, a Fourier transformation
IS necessary:

= Fourier series for periodic signals
= Fourier transform for transient signals
= Power spectral density for random signals

f(t)=a,+) {a,cosnapt+b, sinnayt} ;  f(t)=) ce™" ¢, :LT f(t)e " *'dt

Fo)=] f(Hedt f()=[ F(o)e"do
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FOURIER ANALYSIS

Time Domain Frequency Domain
Fourier periodic x(t)
Series (tinite T)
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SOME IMPORTANT PROPERTIES OF FTRANSFORMS

If the time signal is the convolution product of two functions, its Fourier
transform is just the product of the Fourier transforms of the two signals

+oc
)= [ he)et-r)dr = Y(f) = HEX()

o — %D

If the time signal is the product two functions, its Fourier transform is just
the convolution product of the two Fourier transforms

y(t) = s(t)w(t)
+0oc

V(1) = Flstyuv)} = [ S@W(f - )dg

of — 0
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SOME IMPORTANT PROPERTIES OF FTRANSFORMS

1) 3

0 t 0 f
“ ?
0 : 0 f
[1-edt=5 (o) [o(t) edt=1

Thus, frequency and time are perfect dual spaces
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FOURIER ANALYSIS (cont’d)

The convergence of Fourier series and Fourier transforms are assured by
the Dirichlet conditions.

However, since the experimental data are always truncated signals, i.e.
transients, only the Fourier transform is used for them.

Moreover, the introduction of Dirac d permits to overcome the limitations
provided by the Dirichlet conditions.

E.gQ. $X4(F)
x(t) = cos 2mpt

X(f) = ['5 f+p+d(f—p)
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POWER AND ENERGY SIGNALS: PARSEVAL’S THEOREMS

+00
Assume X(t) is a periodic tension, i.e.  z(t)= ) ¢,

n=—oo

The average power dissipated across a unit resistance is:

1 /T %
b 22 (t)dt = _Z cnl?
n=—o00

‘+OO )
Assume x(t) is a non periodic tension, i.e. z(t) = / X (f)e?*™Itaf

The total energy dissipated across a unit resistance is

[Tewar= [ xnpa

J —0o0 J —oo

Thus, periodic signals are called power signals while non periodic signals
are called energy signals
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ERROR DUE TO DATATRUNCATION: LEAKAGE

Experimental data are known only for a short period of time, e.g. between
-T/2 and T/2. We can imagine they are seen through a window w(t) such that

£l / w(t)
W

wit) =0 |t > T2 Y T

w(t) =1 it < T/2

()
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LEAKAGE cont’d
The truncated signal is  x;(t) = x(t) w(t) whose FT is

Xr(f) = [ X(@W(f - g)dg

— 0O

The window leads to a bias error and the convolution integral implies a
distorsion on X(g), that spreads over the whole frequency range. Such
distorsion is called leakage and, due to the sidelobes of W(f) , the X(Q)
frequency components spread over the frequency range
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LEAKAGE (cont’d)
$x(f)
x(t) = cos2mpt ’ ’
1 /
X(f) =5 6(f +p) +o(f = )] " —
R | _
Arlf) = 3 /_ 0(g+p) + (g =P W(F ~ g)dg 4 Xr(f)
. AYAYAY:




ALIASING

Because of the perfect duality between time and frequency domains, it is

possible to depict the following relationships.

2. Fourier Series
T
1137 —j2mf,t
Glf,) = T jT gltle k

2

dt
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k=—oo
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Discrete in frequency domain
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3. Sampled functions
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ALIASING (cont’d)

Therefore the FT of any sampled signal is periodic with period 1/A, i.e.
X (F) = X(f + n/A)
Assuming X(f) =0 for|f|>A/2

X(f)

Spectrum of the real signal

Spectrum of the sampled signal
X(f)

SN NN

1/A 127 A, fo  1/2A

Thus X(f) = X(f) only for | f | <A/2
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ALIASING (cont’d)

However, if X(f) #0 for|f|>A/2

X(f) Spectrum of the aliased signal
-f:) i > ) li %o f>
2A 2A

Thus, to avoid aliasing, one must choose 1/2A > f, (maximum
frequency of the signal)
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ALIASING (cont’d)

Particularly, by calling
- 1/A =1, the sampling frequency
-1/2A=1;  the folding or Nyquist frequency

- f, the maximun frequency of the signal
- T, = 1/,

To avoid aliasing one must fix | f.>2f,

and more precisely fix the acquisition parameters as follows

1 A\ N T = acquisition period
T=—= "< — Af = frequency resolution
Af fs 7 2fo N = number of samples
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ALIASING (cont’d)

Aliasing can be also observed in the time domain

~ x (1-:]

If the sampling period is larger than the half of the signal period, T,> T/2,
aliasing is observed
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ALIASING : example

A harmonic signal (100 Hz) sampled with a sampling frequency of 120 Hz
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ANALOG VERSUS DIGITAL SIGNALS

Experimental data, determined by common trasducers, are generally
analog signals.

For data processing such data are always transformed into digital data by
an analog to digital converter (A/D) (sampling)
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Depending on the number of bits of the A/D converter, one always have a a

larger or smaller sampling error
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EFFECT OF SAMPLING ON LEAKAGE

Actually, because the signal is sampled both in the time and frequency

domain, we never see the sidelobes typical of the leakage error, but rather a
set of sampled lines.

Sampled spectrum

{sidelobes sampled at zero points)

Sampled spectrum

(b)
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LEAKAGE (cont’d)

It can be shown also that, if the acquisition time corresponds exactly to the
period of the periodic signal, no leakage is observed (the sampled lines
exactly correspond to the zeros of the sidelobes)
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LEAKAGE (cont’d)

If T is the period
Af=1/T

Lab.

2. Fourier Series
T
1 fi —j2mf, t
f)= — t k
Gif) g g(tle dt
2

gl = T Gife?™"

k=—oo

Periodic in time domain
Discrete in frequency domain
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LEAKAGE (cont’d) T ——r

f
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c. The rectangularly windowed cosine wave.
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LEAKAGE (cont’d) o] ey ooun

a. The cosine wave

Af=0.1 . Therectanguary windowed sosine e
A el
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e. Windowed and sampled cosine wave.
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DISCRETE FOURIER TRANSFORM

For sampled signals it is not possible to carry out any integral operation

4 x(

Wm AAWHM

It is possible however to compute a Discrete Fourier Transform that is
defined as:

N—1

— (22 \n

X(f)’f:_f\;ﬁ/_\ ~ A E Ln€ J(N) K
n=0

N is totally arbitrary. However, for the application of the Fast Fourier Transform
(FFT), a very fast algorithm of DFT, N should be chosen appropriately, i.e. N=2M
where M is an integer number
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CONCLUDING REMARKS

In summary there are several errors arising in signal processing.

- Leakage is an error due to data truncation: it can be avoided or diminished by
acquiring as large period of data as possible, or by using appropriate windows,
e.g. Hanning for random data.

- Sampling errors depend on the A/C conversion and can be reduced by increasing
number of bits of the A/C converter.

- Aliasing is an error due to the sampling mechanism: it can be avoided by
choosing appropriately the acquisition parameters.
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DESCRIPTION OF RANDOM SIGNALS IN FREQUENCY DOMAIN

Consider a sample function x(t) of a random process and a truncated version of it x(t)

“T/2 T/2
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DESCRIPTION OF RANDOM SIGNALS IN FREQUENCY DOMAIN

The Fourier transform of the truncated signal is

xT(t):waT(f)eW”d f
The total energy of the signal is:

JOOXTZ (t)dt tending to 00 for T — o0

Thus we compute the average energy, i.e. a power

Parseval

%f:x?(t)dt _ %jmxﬁ(t)dt:%f:\xT(f)fdf

-T/2

] 1 ¢tz , _]_ +oo 2
ForT —oo  lim — _T/ZXT(t)dt—?Lo lim X ()] d f
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DESCRIPTION OF RANDOM SIGNALS IN FREQUENCY DOMAIN

1 2 _ .
The quantity ?‘XT (f )‘ Is the spectrum of the sample. Since the first term

of this equation is the average power of the sample function, the quantity

.1
TIIm T ‘XT (f )‘ *=S_(f) is called power spectral density
—>00

Unfortunately this is not a good estimate, because it is not consistent,
l.e. it does not improve by increasing T.
Thus, a different estimate is preferred. This is:

1 2
E[m;\xT<f)\ }sxx(f)
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ESTIMATE OF THE PSD ( X DISTRIBUTION)

Ifz,z, ..... z,, are independent random variables with normal distribution,
zero mean and unit variance, the new random variable:

=1L+ . +2°

is called chi square dlstrlbutlon with n degrees of freedom, mean equal to
E [ Zﬁ = n and variance E[(Z E[;(j)z] =2n

An estimate of the PSD of z:aL stationary process can be obtained simply by
;\XT(f)\ =S, (f)

having a frequency resolution Af = 1/T.

X+(f) is a complex number whose real and imaginary parts are uncorrelated

random variables with zero mean and equal variance.

If X(t) is Gaussian, X and X, are also Gaussian random variables (the FT is a
2 2 2

linear operation), so that X (F) 2 =Xz +X,

Is the sum of squares of 2 independent Gau53|an varlables.
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Thus, any frequency component of the estimate S, () we will have a ){22
distribution with 2 degrees of freedom.

Since mean and variance of a chi square distribution are n and 2n, the
normalized random error (normalized standard deviation) is:

i _a[s}x(f)]_\/%_\ﬁ
" S (f) n n
that, for n = 2, provides ¢, = 1 (100%), i.e. the standard deviation of the
estimate is as big as the quantity to estimate: unacceptable

To reduce the random error, it is possible to make m sections of period T, from

a single long random record of period T, computing for each section the FT of
the signal to get X (f), with r =1...m. 'Ehis Is exactly the meaning of the E operator
in the expression of the PSD E[!imo?\xT(f)‘z =S, (f)

In this case the frequency resolution of each X.(f), is B, = 1/T,, so that

m = B/Af =T/Te
Finally, noting that Za + s = Zaw , and assummg that all the sections have the
same length T, the resultant estimate isa ¥ *variable with n=2m degrees of
freedom, i.e. n =2B,T
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Substituting this value in the normalized random error, we obtain

_ 0[S, (f)]

; _ﬁ__l
" os.(f) \Vn BT

Therefore to have small normalized random errors (e.g. €,=0.15 or less) and
obtain acceptable estimates for S, (f), it is necessary to have a number of
degrees of freedom close to 90, i.e. about 45 sections of the long random
signal.

Finally, it is appropriate to have some overlap between adjacent sections:

In this way we can have more averages with the same resolution, increasing
the number of degrees of freedom. Usually the overlap between adjacent
signals ranges between 30 and 50%.
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ALIASING (cont’d)

Therefore the FT of any sampled signal is periodic with period 1/A, i.e.
X (F) = X(f + n/A)
Assuming X(f) =0 for|f|>A/2

X(f)

ZdhN

Spectrum of the real signal

1

N N

Thus X(f) = X(f) only for | f | <A/2




